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Abstract. The influence of weak disorder on the superconductivity in ordinary
metals can be formally described by the Abrikosov-Gorkov diagrammatic approach.
The vertex correction is ignored in this approach because an inequality kF l ≫ 1,
where kF is the Fermi momentum and l mean free path, is satisfied in ordinary metals
with a large Fermi surface. In a Dirac semimetal that has discrete Fermi points, this
inequality may break down even for arbitrarily weak disorder since kF → 0, and thus
the vertex correction could be important. We incorporate the vertex correction into
the self-consistent equations of the superconducting gap and the disorder scattering
rate, and then apply the generalized approach to study how s-wave superconductivity is
affected by random chemical potential in two- and three-dimensional Dirac semimetals,
as well as two-dimensional semi-Dirac semimetal. In the clean limit, superconductivity
is formed only when the pairing interaction strength is greater than some critical
value in these materials. Adding random chemical potential to the system promotes
superconductivity by generating a finite fermionic density of states at the Fermi level.
In three-dimensional Dirac semimetal, the critical attraction strength is reduced by
weak disorder, but remains finite. In the other two cases, superconductivity is induced
by arbitrarily weak attraction. Including the vertex correction does not change these
qualitative results, and actually could further promote superconductivity in the weak-
attraction regime. Bilayer graphene is quite special in that its zero-energy density of
states is nonzero despite the existence of Fermi points. Due to this peculiar property,
superconductivity is always slightly suppressed by random chemical potential, and the
impact of vertex correction is nearly negligible.
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1. Introduction
The advance made in the fabrication of various types of semimetals (SMs) has stimulated
a huge number of research works in the past decade [1–16]. Graphene, made of one
layer of carbon atoms on a honeycomb lattice, is a typical two-dimensional (2D) Dirac
SM (DSM) and has been extensively studied [1–4]. Moreover, the gapless surface
electronic state of three-dimensional (3D) topological insulators can also be regarded
as 2D DSM [5–7]. Recently, a stable 3D DSM state that is protected by crystal
symmetry was found in Na3Bi and Cd3As2 [8–10]. In addition, Weyl SM (WSM),
in which the low-energy fermionic excitations display linear dispersion around pairs of
nodes with opposite chirality, was observed in TaAs, NbAs, TaP, and NbP by the angle-
resolved photoemission spectroscopy (ARPES) [10–14]. There also exist other types of
SMs, such as 3D nodal line SM (NLSM) [15–18], 2D semi-DSM [19–46], 3D double-
WSM [47–59], 3D triple-WSM [49,53, 56–62], 3D anisotropic-WSM [49,63–65], and 3D
Luttinger SM [66–70].
Most of these SMs share a common feature: the Fermi surface is composed of
a number of zero-dimensional points. This implies that the fermion density of states
(DOS) vanishes at the Fermi level, which is different from conventional metals whose
DOS takes a finite value at the Fermi level. This difference is responsible for many
intriguing properties of SM materials that cannot occur in ordinary metals.
Cooper pairing instability in 2D DSM has attracted considerable interest in
recent years [71–92]. It has been proposed that phonon or plasmon may mediate
an effective attraction between Dirac fermions [4, 72, 75]. For an undoped 2D DSM,
superconductivity can be realized only when the net attraction is sufficiently strong
[71–92]. This is quite different from the conventional metal superconductors in which
even an arbitrarily weak attraction suffices to trigger Cooper pairing [93–95]. The
difference is owing to the fact that the fermion DOS vanishes at zero energy, namely
ρ(0) = 0. Cooper pairing instability may be achieved in other SMs, including 2D semi-
DSM [43, 44], 3D DSM [96], 3D WSM [97, 98], 3D NLSM [17, 18], and 3D Luttinger
SM [67, 69, 70]. In these materials, there is also a threshold value for the strength of
attraction.
In terms of industrial and commercial applications, the existence of a threshold
for net attraction appears to be a negative result because it makes it difficult to
realize intrinsic superconductivity in undoped DSMs. However, from the perspective
of theoretical study, it provides us with a unique opportunity to investigate various
novel properties that do not exist in ordinary metal superconductors. The critical value
of attraction defines a genuine quantum critical point (QCP) between the SM and
superconducting (SC) phases at zero temperature, and the system exhibits a wealth of
attractive quantum critical behaviors around such QCP [69, 99–104]. For instance, an
effective space-time supersymmetry was recently argued to emerge at this QCP at low
energies [99–104].
An interesting problem is how superconductivity formed in various DSMs is affected
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by weak disorder. Among the possible disorders, random chemical potential is most
frequently encountered in realistic materials [3, 105, 106]. In the case of conventional
metal superconductors, Anderson theorem states that weak random chemical potential
does not alter the SC gap ∆ and the critical temperature Tc if the pairing is s-
wave [107–111]. This result can be obtained by the diagrammatic approach developed
by Abrikosov and Gorkov (AG) [111, 112]. For such result to be valid, an important
precondition is that the low-energy fermion DOS is not sensitive to weak disorder
[110, 111]. While this condition is satisfied in ordinary metals with a large Fermi
surface, it breaks down in DSMs that have only isolated Fermi points. Renormalization
group (RG) analysis showed that random chemical potential is a relevant perturbation
to 2D DSM [87, 92, 105, 113–115], thus arbitrarily weak disorder eventually flows to
the strong coupling regime and then drives the system to enter into a compressible
diffusive metal (CDM) state, in which disorder generates a finite scattering rate Γ.
In addition, the fermions acquire a finite zero-energy DOS ρ(0) that is a function of
Γ [87, 92, 105, 113–118]. It is obvious that the zero-energy DOS of the 2D DSM is very
sensitive to weak disorder, in stark contrast to the case of ordinary metals. As a result,
weak random chemical potential might have significant influence on ∆ and Tc. The
question is whether superconductivity is enhanced or suppressed.
In a recent work [92], the influence of random gauge potential and random mass
on superconductivity in 2D DSM was studied by using the perturbative RG method. It
was found there that the critical attraction for Cooper pairing is increased by random
gauge potential or random mass [92]. The strength parameter of random gauge potential
can be fixed at a small value, whereas the strength parameter of random mass flows to
zero logarithmically as the zero-energy limit is reached [92,105,113–115]. Therefore, the
perturbative RG analysis is reliable in these two cases.
If random chemical potential and pairing interaction are considered simultaneously,
RG analysis revealed [92] that both of the two strength parameters tend to diverge at
some finite energy scale. This indicates that the system becomes unstable and will be
turned into a new phase. In such a strong coupling regime, the RG method cannot be
used to determine whether the system enters into a CDM phase or a SC phase. To
address this issue, we need to analyze the possible generation of disorder scattering rate
Γ and the possible generation of SC gap ∆. These two processes strongly affect each
other. Therefore, the quantities Γ and ∆ should be calculated in a self-consistent and
unbiased way.
Dyson-Schwinger equations (DSEs) provide a suitable framework to treat disorder
scattering and Cooper pairing on an equal footing. The essence of this approach is to
solve the self-consistently coupled DSEs for Γ and ∆. In the most generic form, DSEs are
complete and contain all the information about disorder scattering and Cooper pairing.
In practice, however, it is always necessary to properly truncate the complete set of
DSEs. The original AG method and its generalization to be presented below in this
work are actually two different truncations of the complete set of DSEs.
Nandkishore et al. [87] investigated the effect of random chemical potential on s-
Fate of superconductivity in disordered Dirac and semi-Dirac semimetals 4
wave superconductivity by taking the surface state of 3D topological insulator as an
example. After solving the mean-field gap equation, which is a simplified version of AG
method, in combination with a RG analysis [87], they found that superconductivity can
be induced by arbitrarily weak attraction. Subsequently, Potirniche et al. [88] analyzed
the interplay of superconductivity and random chemical potential by considering a
Hubbard model defined on honeycomb lattices with an on-site attractive coupling
U by means of self-consistent Bogoliubov-de Gennes equation method [88]. In the
clean limit, they argued that the system remains a SM if U is smaller than certain
critical value Uc, but becomes SC when U exceeds Uc. Adding disorder to the clean
system results in a complicated behavior of superconductivity. In the strong coupling
regime U > Uc, disorder can suppress superconductivity. In the weak coupling regime
U < Uc, weak disorder enhances superconductivity, but strong disorder eventually
destroys superconductivity.
In Ref. [92], the diagrammatic AG method was applied to study the impact of
random chemical potential on superconductivity in the context of a 2D DSM, yielding
results that are qualitatively consistent with those of Nandkishore et al. [87] and
Potirniche et al. [88]. However, here we emphasize that the applicability of the original
AG method to 2D DSM is actually questionable [87, 92], because it entirely neglects
the vertex correction to the fermion-disorder coupling. Such correction would be small
if the inequality kF l ≫ 1, where kF is the Fermi momentum and l the mean free
path, is satisfied. Since the disorder scattering rate Γ is inversely proportional to l,
the above inequality can be re-expressed as kF ≫ Γ. In ordinary metals with a finite
Fermi surface, the Fermi momentum is usually large and the scattering rate caused
by weak disorder is small, thus this inequality is generically satisfied. However, 2D
DSM contains only discrete Fermi points, which means that kF → 0. Additionally,
random chemical potential is a relevant perturbation in 2D DSM and always induces
a finite disorder scattering rate Γ. In this case the inequality kF ≫ Γ breaks down,
so the vertex correction may be very important. It is interesting to verify whether
random chemical potential still promotes superconductivity after including the vertex
correction. To obtain a reliable relation between superconductivity and random chemical
potential, one should go beyond the original AG approximation and study the role of
vertex correction. This is the first motivation of this work.
We notice an important principle that the impact of random chemical potential in
various SMs is closely related to the dimensionality and the specific fermion dispersion.
For example, weak random chemical potential is irrelevant in a 3D DSM/WSM, but
becomes relevant if its strength is sufficiently large. Accordingly, for a 3D DSM, there is
a QCP between the SM and CDM phases with varying disorder strength [106,119–124].
This behavior is apparently different from the case of 2D DSM, where an arbitrarily weak
random chemical potential leads to the CDM transition. For 2D semi-DSM [45, 46], in
which the fermion dispersion is linear along one direction and quadratic along the other
direction, the CDM state is achieved by an arbitrarily weak disorder, analogous to 2D
DSM. The second motivation of this work is to examine whether the conclusion obtained
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previously in the case of 2D DSM is applicable to other SMs.
We will show that arbitrarily weak attraction suffices to induce an s-wave
superconductivity in 2D DSM when random chemical potential is present. If the
attraction is weak, the magnitude of SC gap increases with growing disorder strength,
but begins to decrease when the disorder strength becomes large enough. For relatively
strong attraction, the SC gap is always suppressed by the increasing disorder strength.
We include the vertex correction into the self-consistent equations for the SC gap and the
disorder scattering rate, and show that the above behavior is not altered qualitatively by
the vertex correction. In the case of weak attraction and weak disorder, the magnitude
of SC gap is further amplified once the vertex correction is incorporated.
The generalized AG method can be also applied to other SM systems to examine
whether or not the vertex correction plays a vital role. To make our analysis more
comprehensive, and also to examine how superconductivity relies on the dimensionality
and the energy dispersion of the fermion excitations, we then study the fate of
superconductivity in disordered 3D DSM and 2D semi-DSM, which both have a point-
touching band structure.
In the case of slightly disordered 3D DSM, the critical pairing interaction strength
gc is smaller than that obtained in the clean limit, but remains finite. Thus, there is
still a SC QCP, at which interesting quantum critical phenomena might occur. When
the 3D DSM contains strong random chemical potential, the critical value gc vanishes,
and superconductivity is formed by arbitrarily weak pairing interaction. An apparent
conclusion is that superconductivity is promoted by random chemical potential in 3D
DSM. In a 2D semi-DSM, the disorder effect on superconductivity is very similar to
2D DSM: superconductivity occurs only when the pairing interaction strength exceeds
a threshold gc in the clean limit, but is triggered by arbitrarily weak attraction when
random chemical potential is introduced. In both of these two systems, including vertex
correction results in more significant enhancement of SC gap in the weak-attraction
regime.
Comparing to the above three SMs, the bilayer graphene is special in that its Fermi
surface is composed of discrete points but the DOS is finite at the Fermi level. We
find that s-wave superconductivity in bilayer graphene is always slightly suppressed by
random chemical potential, and that the vertex correction plays a minor role. This
result is qualitatively different from the other three kinds of SM. The difference stems
from the fact that the zero-energy DOS is nonzero only in bilayer graphene but vanishes
otherwise.
The rest of paper is organized as follows. In section 2, we present the model
Hamiltonian for 2D DSM, analyze the influence of disorder on superconductivity by
means of the AG method, and examine the role played by the vertex correction. The
disorder effect on superconductivity in 3D DSM and 2D semi-DSM is studied in section 3
and section 4, respectively. In section 5, we apply the same approach to the case of
bilayer graphene. In section 6, we give a remark on several related questions, including
truncation of DSEs, the effect of rare region, and Anderson localization. We summarize
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our main results in section 7.
2. Superconductivity in 2D Dirac semimetal
In this section, we consider the case of 2D DSM and study the impact of random
chemical potential on superconductivity by means of the AG approach and its proper
generalization. The framework employed in this section is quite general and will be
utilized in the following several sections to study the fate of superconductivity in 3D
DSM, 2D semi-DSM, and bilayer graphene.
2.1. Model Hamiltonian
We consider a single species of massless Dirac fermions that emerge, for instance, on
the surface of a 3D topological insulator. Following the notations adopted in Ref. [87],
we write the Hamiltonian in the form
H =
∑
k
ψ†k (−µσ0 + vkxσ1 + vkyσ2)ψk − g
∑
k,q
ψ†k (−iσ2)ψ†−kψqiσ2ψ−q, (1)
where µ is the chemical potential and g is the coupling constant for the BCS-type
attractive interaction. At a finite µ, the DSM has a finite Fermi surface, and many
of its low-energy properties are very similar to ordinary metals. In the following, we
only consider the most interesting case of zero chemical potential, µ = 0, corresponding
to undoped SM. The spinor field is defined as ψk = ( c↑k, c↓k )
T , whose conjugate
is ψ†k =
(
c†↑k, c
†
↓k
)
. Moreover, σ1,2 are standard Pauli matrices, and σ0 is identity
matrix. The SC order parameter is defined as
∆ = g
∑
k
〈ψk(iσ2)ψ−k〉. (2)
The system enters into a SC phase when ∆ acquires a nonzero value.
Our analysis starts from the partition function
Z =
∫
D
[
ψ†, ψ
]
exp
(
−
∫ β
0
dτ
∫
d2xL
[
ψ†, ψ
])
, (3)
where β = 1/T and the Lagrangian is related to the Hamiltonian H via the Legendre
transformation
L =
∫
d2k
(2pi)2
ψ†k∂τψk +H. (4)
To express the action in a more compact form, it is convenient to introduce a four-
component Nambu spinor:
Ψ =
(
ψk, ψ
†
−k
)T
. (5)
After decoupling the quartic attractive interaction by means of Hubbard-Stratonovich
transformation, we can re-write the partition function as
Z =
∫
D
[
Ψ†,Ψ,∆∗,∆
]
exp
(
−
∫ β
0
dτ
∫
d2xL
[
Ψ†,Ψ,∆∗,∆
])
, (6)
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Figure 1. Feynman diagram for the fermion self-energy. Thin line represents the free
fermion propagator, and thick line the full fermion propagator. Dotted line represents
disorder scattering. The vertex correction is neglected in the original AG method,
which is valid if kF l≫ 1.
where L takes the form
L = T
∑
ωn
∑
k
Ψωn,kG
−1
ωn,k
Ψωn,k −
|∆|2
g
. (7)
In the above expression, we have defined a fermion propagator Gωn,k ≡ G(ωn,k) that is
given by
G−1ωn,k =


iωn vk+ 0 ∆
vk− iωn −∆ 0
0, −∆∗ iωn vk−
∆∗ 0 vk+ iωn

 , (8)
where k± = kx ± iky. Within the Matsubara formalism, the fermion frequency is
ωn = (2n + 1)piT with n being integers. The above expression of partition function
is consistent with Ref. [87].
2.2. Clean case
The SC gap equation can be derived by integrating over fermion fields Ψ and Ψ†. For
this purpose, the partition functions is further written as
Z =
∫
DΨ†DΨeS =
∏
ωn
∏
k
∫
DΨ†DΨeΨ†ωn,kβG−1ωn,kΨωn,ke−
∫
τ,x
|∆|2
g , (9)
where
∫
τ,x
≡ ∫ β
0
dτ
∫
d2x. Performing the functional integration over Ψ and Ψ† yields
Z =
∏
ωn
∏
k
β4 det
(
G−1ωn,k
)
e−
∫
τ,x
|∆|2
g . (10)
It is then easy to get
lnZ =
∑
ωn
∑
k
ln
[
β4 det
(
G−1ωn,k
)]− ∫
τ,x
|∆|2
g
. (11)
Through direct calculation, we obtain
detG−1ωn,k =
(
ω2n + v
2k2 + |∆|2)2 . (12)
For a sample of volume V , the free energy density is
f =
F
V
= − 1
βV
lnZ = − 1
βV
∑
ωn
∑
k
ln
[
β4
(
ω2n + v
2k2 + |∆|2)2]+ |∆|2
g
. (13)
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Figure 2. (a) Dependence of A and (b) ωA on ω at different values of γ for 2D DSM.
Vertex correction is neglected for solid lines, but incorporated for dashed lines. Here,
we take ∆ = 0, corresponding to non-SC phase.
Making variation with respective to infinitesimal change of ∆, δf
δ∆
= 0, we finally obtain
the gap equation:
2T
∑
ωn
∫
d2k
(2pi)2
1
ω2n + v
2k2 +∆2
=
1
g
. (14)
We have already fixed the phase factor of the gap function ∆, and in the following will
take ∆ as a real variable. At zero temperature T = 0, the gap equation becomes
2
∫
dω
2pi
d2k
(2pi)2
1
ω2 + v2k2 +∆2
=
1
g
. (15)
Performing the integration of ω and k, we obtain
g
2piv2
(√
v2Λ2 +∆2 −∆2
)
= 1, (16)
where Λ is the cutoff of the momentum. Setting ∆ = 0 yields the critical coupling
gc0 = 2piv/Λ. The gap ∆ acquires a nonzero value only when g > gc0, and there is a
SM-SC QCP at g = gc0 [72, 74, 77, 87, 92].
2.3. Analysis by AG method without vertex correction
In the presence of random chemical potential, the dynamics of Dirac fermions is modified
due to the disorder scattering. Consequently, the fermion propagator can be expressed
by the matrix
(
GFωn,k
)−1
=


A1iωn A2vk+ 0 A3∆
A2vk− A1iωn −A3∆ 0
0, −A3∆∗ A1iωn A2vk−
A3∆
∗ 0 A2vk+ A1iωn

 , (17)
where Ai ≡ Ai(ωn) with i = 1, 2, 3 are the renormalization functions induced by the
disorder scattering. The propagators GFωn,k and Gωn,k are connected with each other
through the DS(
GFωn,k
)−1
= G−1ωn,k − Σdis(ωn), (18)
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Figure 3. Dependence of ∆ on g at different values of impurity strength γ for 2D
DSM. Vertex correction is neglected for solid lines, but incorporated for dashed lines.
where
Σdis(ωn) = nimpu
2
∫
d2k
(2pi)2
GFωn,k, (19)
where nimp is the impurity concentration and u is the strength of one single impurity.
The Feynman diagram used in the AG approach is shown in figure 1. In the case
of random chemical potential, one can verify that A2 = 1. If long-range correlated
disorder [3] is considered, A2 would receive a non-trivial correction. Making use of the
fact A2 = 1, the self-consistent equations become
A1 = 1 + nimpu
2A1
∫
d2k
(2pi)2
1
A21ω
2
n + v
2k2 + A23∆
2
, (20)
A3 = 1 + nimpu
2A3
∫
d2k
(2pi)2
1
A21ω
2
n + v
2k2 + A23∆
2
. (21)
It is clear that A1 = A3 = A. The gap equation becomes
∆ = 2gT
∑
ωn
∫
d2k
(2pi)2
A∆
A2ω2n + v
2k2 + A2∆2
. (22)
Carrying out the integration over momenta, we get two coupled equations
A = 1 +
nimpu
2
4piv2
A ln
(
1 +
v2Λ2
A2ω2n + A
2∆2
)
, (23)
∆ =
gT
2piv2
∑
ωn
A∆ ln
(
1 +
v2Λ2
A2ω2 + A2∆2
)
. (24)
We now take the zero temperature limit, namely T = 0, and then make the re-
scaling transformations ω
vΛ
→ ω and ∆
vΛ
→ ∆, which leads us to
A = 1 +
γ
2
A ln
(
1 +
1
A2ω2 + A2∆2
)
, (25)
1 =
g
gc0
1
2pi
∫ +∞
−∞
dωA ln
(
1 +
1
A2ω2 + A2∆2
)
, (26)
where
γ =
nimpu
2
2piv2
. (27)
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Figure 4. Dependence of ∆ on γ at different values of pairing interaction strength g
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Figure 5. Dependence of A on ω at different values of g and γ for 2D DSM. Vertex
correction is absent in (a) and present in (b).
Upon approaching the QCP, g → gc, so the above equations are simplified to
A = 1 +
γ
2
A ln
(
1 +
1
A2ω2
)
, (28)
1 =
gc
gc0
1
2pi
∫ +∞
−∞
dωA ln
(
1 +
1
A2ω2
)
. (29)
Numerical results of equation (28) are shown in figures 2(a) and (b) by the solid
lines. In the zero-energy limit, ωA approaches to a constant Γ, which is the disorder
scattering rate. If ω decreases from the energy scale of Γ, ωA approaches to a constant.
Above the scale of Γ, A→ 1. The asymptotic behavior of A is approximately described
by
A ∼
{
Γ
|ω|
if |ω| ≪ Γ,
1 if |ω| ≫ Γ. (30)
The integral appearing in equation (29) is divergent, which implies that gc →
0. Therefore, even an arbitrarily weak attraction suffices to trigger Cooper pairing
instability. In this regard, random chemical potential tends to promote the formation of
Cooper pairing, in agreement with the result of Nandkishore et al. [87]. The dependence
of the gap ∆ on g at different values of γ is displayed in figures 3(a) and (b) by the solid
lines. We present the relation between ∆ and γ with different values of g in figures 4(a)
and (b) by the solid lines. The figures exhibit that ∆ is enhanced by weak disorder and
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Figure 6. Feynman diagram for the fermion self-energy in the presence of vertex
correction. Notice that the dressed fermion propagator is utilized in the vertex
correction.
then suppressed gradually by strong disorder if the attraction is weak. However, for
sufficiently large attraction, the gap ∆ is suppressed by disorder monotonously. These
results are qualitatively the same as that obtained by Potirniche et al. through using
self-consistent BdG equations [88].
The ω-dependence of A(ω), obtained from the solutions of equations (25) and (26),
are shown in figure 5(a). The function A(ω) always approaches to a finite value in the
low energy regime, which is expected since the gap ∆ provides a cutoff. According to
figure 5(a), if the pairing interaction is relatively weak, A(ω) goes to a larger constant
value at low energies for smaller γ. If the pairing interaction is relatively strong, however,
A(ω) takes a larger constant value at low energies for larger γ.
2.4. Beyond AG approximation
We emphasize that the gap equation analysis of the disorder effects based on the
original AG formalism is actually problematic. The validity of AG method relies on
a crucial assumption that kF l ≫ 1, which is equivalent to kF ≫ Γ since Γ ∼ 1/l.
This inequality is satisfied in an ordinary metal in which the Fermi momentum is large
and the scattering rate Γ can be made sufficiently small if random chemical potential
is supposed to be weak enough. For a 2D DSM, however, we know that kF = 0.
Additionally, even an arbitrarily weak random chemical potential is able to drive 2D
DSM to become a CDM [105, 113–118], which in turn generates a finite Γ. Thus, the
above inequality certainly breaks down, and the vertex correction can no longer be
regarded as unimportant.
To examine whether the interesting conclusion reached by employing the original
AG approximation is robust, we need to incorporate the vertex correction explicitly in
the self-consistent gap equations. The Feynman diagram for fermion self-energy that
contains the vertex correction is shown in figure 6.
The correction to the fermion-disorder coupling vertex is given by
Ξ(ω,p,q) = 1 + nimpu
2
∫
d2k
(2pi)2
GF (ω,k+ p)GF (ω,k+ q), (31)
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which can be further written as
Ξ(ω,p,q) = 1 + nimpu
2
∫
d2k
(2pi)2
[−A21ω2 + v2 (k+ p) · (k+ q) + A23∆2]
× [A21ω2 + v2 (k+ p)2 + A23∆2]−1 [A21ω2 + v2 (k + q)2 + A23∆2]−1 . (32)
Using the transformation k+ q→ k, and employing the Feynman parameterization
1
AB
=
∫ 1
0
dx
1
[xA + (1− x)B]2 , (33)
we convert the vertex correction into the form
Ξ(ω,p,q) = 1 + nimpu
2
∫ 1
0
dx
∫
d2k
(2pi)2
[−A21ω2 + v2 (k+ p− q) · k + A23∆2]
× [A21ω2 + v2 (k+ x (p− q))2 + A23∆2 + x(1− x)v2 (p− q)2]−2 . (34)
We further make the replacement k + x (p− q)→ k, and then obtain
Ξ(ω,p,q) = 1 + nimpu
2
∫ 1
0
dx
∫
d2k
(2pi)2
{
1
A21ω
2 + v2k2 + A23∆
2 + x(1− x)v2 (p− q)2
− 2A
2
1ω
2 + 2x(1− x)v2(p− q)2[
A21ω
2 + v2k2 + A23∆
2 + x(1 − x)v2 (p− q)2]2
}
. (35)
One can verify that Ξ(ω,p,q) is the function of |p − q|, which means Ξ(ω,p,q) ≡
Ξ(ω, |p − q|). Performing the integrations over k and x leads to the following vertex
correction:
Ξ(ω, |p− q|) = 1 + γ
2
{
ln
(
A21ω
2 + v2Λ2 + A23∆
2
A21ω
2 + A23∆
2
)
+
4A21ω
2 + v2 |p− q|2
v|p− q|√J ln
(√
J − v |p− q|√
J + v |p− q|
)
− 4A
2
1ω
2 + v2 |p− q|2
v |p− q|√J + 4v2Λ2 ln
(√
J + 4v2Λ2 − v |p− q|√
J + 4v2Λ2 + v |p− q|
)}
, (36)
where γ is defined in equation (27), and
J = 4
(
A21ω
2 + A23∆
2
)
+ v2 |p− q|2 . (37)
After including the vortex correction, the equations for A1 and A3 now become
A1 = 1 + nimpu
2A1
∫
d2k
(2pi)2
Ξ(ω, k)
A21ω
2 + v2k2 + A23∆
2
(38)
A3 = 1 + nimpu
2A3
∫
d2k
(2pi)2
Ξ(ω, k)
A21ω
2 + v2k2 + A23∆
2
. (39)
We now employ the re-scaling transformations k
Λ
→ k, ω
vΛ
→ ω, and ∆
vΛ
→ ∆, and
making use of the relation A1 = A3 = A, obtain
A = 1 + γA
∫ 1
0
dkk
Ξ(ω, k)
A2ω2 + k2 + A2∆2
, (40)
where the gap ∆ is still given by equation (26).
Fate of superconductivity in disordered Dirac and semi-Dirac semimetals 13
Figure 7. (a) Dependence of the vertex function Ξ(ω, |k|) on energy and momentum
with γ = 0.2 and γ = 0.4 in (a) and (b) respectively. ∆ = 0 is taken in (a) and (b).
Dependence of Ξ(ω, |k|) on energy and momentum with g = 0.6 and g = 2 in (c) and
(d) respectively. γ = 0.2 is taken in (c) and (d).
In the limit of ∆ = 0, the system stays in the non-SC phase. We present the
ω-dependence of A and ωA in figure 2(a) and figure 2(b) respectively by the dashed
lines. Comparing the solid curves and dashed curves, we can observe that the disorder
scattering rate Γ is made larger by the inclusion of the vertex correction. Katanin [118]
performed a functional RG analysis of this problem, and also found a larger scattering
rate Γ and a larger ρ(0) comparing to those obtained by using the self-consistent Born
approximation (SCBA). Sinner and Ziegler [124] reported a 1/N -expansion study, which
claims that higher order corrections lead to enhancement of disorder scattering rate and
DOS.
Now we consider the SC phase where ∆ 6= 0. The g-dependence of gap ∆ is
displayed in figures 3 (a) and (b) by the dashed lines. A clear result is that the zero-
energy gap ∆ is increased when the vertex correction is taken into account, which
means that including vertex correction leads to further promotion of superconductivity.
Dependence of ∆ on γ with different values of g is presented in figures 4(a) and (b) by
the dashed lines. We can find that the qualitative property of the disorder effect on
superconductivity remains nearly the same after including the vertex correction.
In the case of ∆ 6= 0, we show the dependence of A(ω) on ω in the presence
of vertex correction in figure 5(b). It is obvious that A(ω) approaches to a smaller
constant comparing to the one shown in figure 5(a). The reason for this behavior is
that the gap ∆ becomes larger after including the vertex correction and thus leads to a
stronger suppression effect for the disorder scattering rate.
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The energy and momentum dependence of the vertex function Ξ(ω, k) are shown
in figure 7. An apparent fact is that the vertex correction is important at low energies
and small momenta, and can be nearly ignored only when the energy and momentum
are sufficiently large. As the pairing interaction gets stronger, the vertex correction
becomes less important [87].
The SM-SC QCP exists in a clean 2D DSM, but is eliminated when the system
contains weak random chemical potential. Since there is always certain amount of
impurity in the material, it seems extremely difficult to realize and probe the predicted
quantum critical phenomena at such a QCP.
3. Superconductivity in 3D Dirac semimetal
In this section, we will investigate the fate of superconductivity formed by Cooper
pairing of 3D Dirac fermions, which could emerge at low energies at the QCP between
a normal band insulator and a 3D topological insulator. This type of 3D DSM has been
observed in TiBiSe2−xSx [125,126] and Bi2−xInxSe3 [127,128] by fine tuning the doping
level. Theoretical works [129,130] predicted that a crystal-symmetry protected 3D DSM
might be realized in such materials as A3Bi (A=Na, K, Rb) and Cd3As2. Shortly after
this prediction, ARPES and quantum transport measurements have reported evidence
of 3D DSM state in Na3Bi and Cd3As2 [131–135].
Recent RG analysis revealed that weak attraction is irrelevant in 3D DSM, and
that only sufficiently strong attraction can induce superconductivity [96] and there is
also a QCP separating the SM and SC phases. In the non-SC phase, the physical
effect caused by the random chemical potential is a subject of considerable interest
[106, 119–123, 136, 137]. Recent studies based on SCBA, RG analysis, and exact
numerical simulation all found that there is a QCP between the SM and CDM phases
by adjusting the strength of random chemical potential [106,119–123]. If the rare region
effect is considered, it was found that arbitrarily weak disorder drives the system to
enter into the CDM phase [136, 137]. In this paper, we do not consider the rare region
effect, and focus on the fate of s-wave superconductivity.
Similar to 2D DSM, the 3D DSM hosts only discrete Fermi points, and thus the
vertex correction may also be important. In addition, the zero-energy DOS vanishes
in both cases, and might become finite if the system is turned by random chemical
potential into a CDM. We now parallel the analysis performed in the last section, and
include explicitly the vertex correction in the self-consistent equations for A and ∆. The
disorder effect on superconductivity can be analogously analyzed.
3.1. Clean case
The mean-field Hamiltonian for 3D DSM is formally similar to that of 2D DSM, and
will be not explicitly given here. We directly write down the the gap equation obtained
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Figure 8. (a) Dependence of A and (b) ωA on ω with different values of γ for 3D
DSM. Vertex correction is neglected for solid lines, but incorporated for dashed lines.
∆ = 0 is taken.
in the clean limit:
∆ = 2g
∫
dω
2pi
∫
d3k
(2pi)3
∆
ω2 + v2k2 +∆2
, (41)
where g is the strength parameter for pairing interaction. Integrating over momenta
results in
1 =
g
2pi3v2
∫ +∞
−∞
dω
[
Λ− 1
v
√
ω2 +∆2 arctan
(
vΛ√
ω2 +∆2
)]
, (42)
where Λ is the momentum cutoff. The critical attraction strength can be determined
by taking ∆ = 0, satisfying the following equation:
1 =
gc0
2pi3v2
∫ +∞
−∞
dω
[
Λ− |ω|
v
arctan
(
vΛ
|ω|
)]
=
gc0Λ
2
4pi2v
. (43)
The critical value is gc0 = 4pi
2v/Λ2.
3.2. Analysis by AG method without vertex correction
Under the original AG approximation, the self-consistent equations for A and ∆ are
given by
A = 1 + γA
[
1−
√
A2ω2 + A2∆2 arctan
(
1√
A2ω2 + A2∆2
)]
, (44)
1 =
g
gc0
2
pi
∫ +∞
−∞
dωA
[
1−
√
A2ω2 + A2∆2 arctan
(
1√
A2ω2 + A2∆2
)]
, (45)
where
γ =
nimpu
2Λ
2pi2v2
. (46)
In the derivation, we have employed the transformations: k
Λ
→ k, ω
vΛ
→ ω, and ∆
vΛ
→ ∆.
Before analyzing the disorder effect on superconductivity, it is necessary to first
consider the impact of weak disorder on the low-energy behavior of Dirac fermions in
the non-SC phase. This is an interesting problem and has been studied recently by
means of several different approaches [106, 119–123, 136, 137].
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Figure 9. (a, c) Dependence of Γ on γ for 3D DSM where Γ = limω→0 A(ω)ω. (b,
d) Phase diagram of 3D DSM on the g-γ plane. Vertex correction is absent in (a) and
(b), and present in (c) and (d). The SC region is broadened after including the vertex
correction.
In the limit of ∆ = 0, the equation for A has the form
A = 1 + γA
[
1− A|ω| arctan
(
1
A|ω|
)]
. (47)
The solutions for this equation are shown in figures 8 (a) and (b) by the solid lines. We
find that A(ω) approaches a finite value in the limit ω → 0 if γ is smaller than a critical
value γc. In contrast, if γ > γc, A(ω) is divergent in the limit ω → 0, yet satisfying
limωA(ω)→ Γ, (48)
where Γ takes a finite value. The constant Γ should be identified as the disorder
scattering rate. A finite DOS is generated at the Fermi level, which tends to favor
superconductivity. The dependence of Γ on γ is depicted in figure 9(a), which clearly
shows that γc = 1. Making use of the approximation ωA(ω) → Γ, we rewrite
equation (47) in the form
1 = γ
[
1− Γ arctan
(
1
Γ
)]
. (49)
By setting Γ = 0, we find that γc = 1. According to the results presented in figures 8(a)
and (b), and figures 9(a) and (b), the system undergoes a quantum phase transition
from the SM phase to a CDM phase at γ = γc. This result is consistent with previous
studies based on perturbative RG [119, 120], functional RG [122], and direct numerical
calculation [121]. We point out here that we do not consider the effects of rare region
for simplicity [87, 136, 137].
Fate of superconductivity in disordered Dirac and semi-Dirac semimetals 17
0 0.5 1 1.5 2 2.5 3
g/gc0
0
0.5
1
1.5
2
∆
/v
Λ
(a)
γ=0
γ=0.2
γ=0.6
γ=0.9
γ=1.2
γ=1.5
γ=0
γ=0.2
γ=0.6
γ=0.9
γ=1.2
γ=1.5
0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
g/gc0
10-5
10-4
10-3
10-2
10-1
100
∆
/v
Λ
(b)
γ=0.2
γ=0.6
γ=0.9
γ=1.2
γ=1.5
γ=0.2
γ=0.6
γ=0.9
γ=1.2
γ=1.5
Figure 10. Dependence of ∆ on g at different values of γ for 3D DSM. Vertex
correction is neglected for solid lines, but incorporated for dashed lines.
We then turn to solve the coupled equations (44) and (45), which will be used to
analyze the impact of disorder on superconductivity. As can be seen from figure 9(b),
the critical value gc decreases as the disorder parameter γ grows, indicating that
superconductivity is promoted. More concretely, in the range 0 < γ < 1, gc is made
smaller than gc0 but remains finite. Thus, there is still a SC QCP and it is possible
to observe the corresponding quantum critical phenomena. If γ > 1, we take the limit
∆→ 0 for equation (45) and then obtain an equation for gc:
1 =
gc
gc0
2
pi
∫ +∞
−∞
dωA
[
1− A|ω| arctan
(
1
A|ω|
)]
. (50)
At low energies, A(ω) behaves as A(ω) ∼ Γ
|ω|
. Accordingly, the integral in equation (50)
is divergent, indicating that the critical value of attraction vanishes, i.e., gc → 0. It turns
out that even arbitrarily weak attraction suffices to form Cooper pairs. The dependence
of ∆ on g at different values of γ can be found in figures 10(a) and (b) by the solid lines.
The dependence of ∆ on γ at different values of g is shown in figures 11(a) and (b) by
the solid lines. We observe that the gap ∆ displays a non-monotonic dependence on γ if
g is relatively small: ∆ is enhanced by weak disorder but gets suppressed by sufficiently
strong disorder. However, the gap is always suppressed when g becomes relatively large.
This behavior is qualitatively similar to 2D DSM.
The asymptotic behavior of A(ω) for different values of g and γ is shown in
figure 12(a). We can find that A(ω) generally approach to some finite value determined
by g and γ. In the SM phase, ∆ is vanishing, and A(ω) is saturated to finite value and
ωA(ω) vanishes in the lowest energy limit. In the SC phase, the nonzero gap ∆ serves
as a cutoff and prevents A(ω) from being divergent in the lowest energy limit.
3.3. Beyond AG approximation
Paralleling the analysis carried out in the case of 2D DSM, we now examine the role
played by the vertex correction. After including the vertex correction into the equations
of A and ∆, equation (44) becomes
A = 1 + γA
∫ 1
0
dk
k2Ξ(ω, k)
Aω2 + k2 + A∆2
, (51)
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Figure 11. Dependence of ∆ on γ at different values of g for 3D DSM. Vertex
correction is neglected for solid lines, but incorporated for dashed lines.
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Figure 12. Dependence of A on ω at different values of g and γ for 3D DSM. Vertex
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but the gap equation (45) is not changed. Straightforward calculations lead us to the
following expression for the vertex function Ξ:
Ξ(ω,p,q) ≡ Ξ (ω, |p− q|)
= 1 + γ
[
2 + 2
A2∆2 + 1
v|p− q|√J1
ln
∣∣∣∣
√
J1 − v |p− q|√
J1 + v |p− q|
∣∣∣∣−
∫ 1
0
dx
J3√
J2
arctan
(
1√
J2
)]
, (52)
where
J1 = 4
(
A2ω2 + 1 + A2∆2
)
+ v2 (p− q)2 , (53)
J2 = A
2ω2 + A2∆2 + x(1 − x)v2 (p− q)2 , (54)
J3 = 2A
2ω2 + A2∆2 + 2x(1− x)v2 (p− q)2 . (55)
First, we assume g = 0 and analyze the influence of disorder in the normal phase
of 3D DSM. The dependence of A(ω) and ωA(ω) on ω are displayed in figures 8(a)
and (b) by the dashed lines. We can find A(ω) is saturated to a finite value if γ
is small. Whereas, A(ω) becomes divergent and ωA(ω) approaches to a finite value
provided γ is large enough. These results are qualitatively the same as those obtained
by ignoring the vertex correction presented in figures 8(a) and (b) by the solid lines.
However, the magnitude of γc becomes smaller as the vertex correction is taken into
account, which can be easily observed from figure 9. We notice that, a recent functional
RG analysis [122] incorporated the vertex correction and argued that the critical value
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Figure 13. Dependence of vertex function Ξ(ω, |k|) on the energy and momentum
with γ = 0.2 and γ = 1.5 in (a) and (b) respectively for 3D DSM. In (a) and (b), ∆ = 0
is assumed. Dependence of vertex correction Ξ(ω, |k|) on the energy and momentum
with g = 0.9 and g = 2 in (c) and (d) respectively for 3D DSM. In (c) and (d), we
choose γ = 0.5.
of disorder strength is smaller than that obtained by using the SCBA. Ominato and
Koshino [123] also emphasized the importance of the vertex correction in the estimate
of disorder scattering rate.
Through numerical calculations of the equations (51), (52), and (45), we obtain
the phase diagram shown in figure 9(d). According to this phase diagram, gc becomes
smaller as γ increases. Comparing figure 9(b) to figure 9(d), we observe that the area
of the SC phase is broadened when the vertex correction is incorporated.
The dependence of ∆ on g is given in figures 10(a) and (b) by the dashed lines,
and the dependence of ∆ on γ in figures 11(a) and (b) by the dashed lines. The gap
∆ is enhanced by weak disorder and suppressed by sufficiently strong disorder when g
is small, but is always suppressed by disorder if g takes a large value. These results
are qualitatively the same as those obtained by ignoring the vertex correction. From
figures 10, we can find that the enhancement effect of the SC gap induced by weak
disorder for small g is even more significant when the vertex correction is considered.
According to figure 12, A(ω) is still saturated to certain finite constant. This is
qualitatively the same as the case of neglecting the vertex correction. Quantitatively,
A(ω) does acquire certain amount of modification after including the vertex correction.
The behavior of Ξ(ω, |k|) is presented in figure 13. In figures 13(a) and (b), we
take ∆ = 0 by assuming that g = 0. According to figures 13(a) and (b), Ξ is amplified
when γ becomes larger. From figures 13(c) and (d), we see that in the SC phase, Ξ
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decreases with growing g, indicating that the vertex correction becomes less important
once a finite gap is opened.
4. Superconductivity in 2D semi-Dirac semimetal
The dispersion for 2D semi-Dirac fermions is given by
E = ±
√
a2k4x + v
2k2y. (56)
This dispersion is in between the fermion dispersions of ordinary 2D metal and 2D DSM,
thus the corresponding materials is usually called 2D semi-DSM. Such a type of fermions
might emerge at the QCP between a 2D DSM and a band insulator upon merging two
separate Dirac points to a single one.
Generation of semi-Dirac fermions through merging pairs of Dirac points is
theoretically predicted to exist in deformed graphene [19–22], pressured organic
compound α-(BEDT-TTF)2I3 [21–23], few-layer black phosphorus that is subject to
a perpendicular electric field [24, 25] or doping [26], and also some artificial optical
lattices [27, 28]. Experimentally, the merging of Dirac points and the appearance of
semi-Dirac fermions were observed in ultracold Fermi gas of 40K atoms arranged on a
honeycomb lattice [29] and microwave cavities with graphene-like structure [30]. Kim et
al. [31] realized semi-DSMs in few-layer black phosphorus at critical surface doping with
potassium. Moreover, robust semi-DSM state was predicted to emerge in TiO2/VO2
nanostructure under suitable conditions [32, 33]. It was suggested by first-principle
calculations that semi-Dirac fermions are the low-energy excitations of the strained
puckered arsenene [35, 36]. In addition, semi-DSM state may also be realized at the
QCP between normal insulator and topological insulator, and the QCP between normal
insulator and 2D DSM in time-reversal invariant 2D noncentrosymmetric system [42].
Recently, Uchoa and Seo [43] studied the possibility of Cooper pairing in 2D semi-
DSM by making a mean field analysis, and argued that s-wave superconductivity
is favored. Close to the QCP between SM and SC phases, they found that the
anisotropy of quasiparticles leads to a novel smectic state of SC stripes. Roy and
Foster [56] investigated the influence of various short-range interactions on the low-
energy behavior of 2D semi-DSM by making a RG analysis, and also discovered an s-
wave superconductivity. In the non-interacting limit, recent SCBA [45] and RG [45,46]
studies showed that arbitrarily weak random chemical potential turns the 2D semi-DSM
into a CDM state, analogous to what happens in 2D DSM.
Like 2D and 3D DSMs, the 2D semi-DSM also has a vanishing zero-energy DOS
if the chemical potential is tuned exactly at the touching points. Consequently, the
original AG approximation is no longer valid. In what follows, we will examine how
weak random chemical potential affects the s-wave superconductivity in a 2D semi-
DSM by means of the AG approach and its generalization. Once again, we will not give
the mean-field Hamiltonian, and start our discussion directly from the gap equation.
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4.1. Clean Case
In the clean limit, the equation for the SC gap takes the form
∆ = 2g
∫
dω
2pi
∫
d2k
(2pi)2
∆
ω2 + a2k4x + v
2k2y +∆
2
, (57)
which can be further written as
1 = g
1
pi2
∫
d|kx|d|ky| 1√
a2k4x + v
2k2y +∆
2
. (58)
We employ the transformations
E =
√
a2k4x + v
2k2y , δ =
ak2x
v |ky| , (59)
which are equivalent to
|kx| =
√
δ
√
E
√
a (1 + δ2)
1
4
, |ky| = E
v
√
1 + δ2
. (60)
The measures of integration satisfy the relation
d|kx|d|ky| =
∣∣∣∣∣
∣∣∣∣∣
∂|kx|
∂E
∂|kx|
∂δ
∂|ky|
∂E
∂|ky|
∂δ
∣∣∣∣∣
∣∣∣∣∣ dEdδ =
√
E
2v
√
a
√
δ (1 + δ2)3/4
dEdδ. (61)
Adopting the transformations equations (60) and (61), the gap equation becomes
1 = g
1
2pi2v
√
a
∫ ΛE
0
√
E√
E2 +∆2
dE
∫ +∞
0
dδ
1√
δ (1 + δ2)3/4
= g
Γ
(
5
4
)
pi3/2Γ
(
3
4
)
v
√
a
∫ ΛE
0
√
E√
E2 +∆2
dE, (62)
where ΛE is a cutoff for the variable E. Taking the limit ∆→ 0, we obtain the following
critical value
gc0 =
pi3/2Γ
(
3
4
)
v
√
a
2Γ
(
5
4
)√
ΛE
, (63)
beyond which a nonzero SC gap is opened. This gc0 is the QCP that separates the SM
and SC phases.
4.2. Analysis by AG method without vertex correction
Including the disorder scattering, the self-consistent equations obtained under the
original AG approximation are found to have the forms
A = 1 + γAF (ω,∆), (64)
1 =
g
gc0
1
2pi
∫ +∞
−∞
dωA(ω)F (ω,∆), (65)
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Figure 14. (a) Dependence of A and (b) ωA on ω with different values of γ for 2D
semi-DSM. Vertex correction is neglected for solid lines, but incorporated for dashed
lines. ∆ = 0 is taken.
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semi-DSM. Vertex correction is neglected for solid lines, but incorporated for dashed
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where
γ =
Γ
(
5
4
)
nimpu
2
pi3/2Γ
(
3
4
)
v
√
a
√
ΛE
, (66)
F (ω,∆) =
1√
2J
1/4
4
[
1
2
ln
(
J
1/2
4 −
√
2J
1/4
4 + 1
J
1/2
4 +
√
2J
1/4
4 + 1
)
+ arctan
(
1 +
√
2
J
1/4
4
)
− arctan
(
1−
√
2
J
1/4
4
)]
, (67)
with J4 = A
2ω2 + A2∆2. The scaling transformations ω
ΛE
→ ω and ∆
ΛE
→ ∆ have been
used.
By taking ∆ = 0, we obtain the solution of A(ω) in the normal state, and show the
results in figures 14(a) and (b) by the solid lines. We find that A(ω) is divergent in the
lowest energy limit, and ωA(ω) approaches to a constant in 2D semi-DSM, similar to
2D DSM. In the limit ∆ = 0, the integrand in the equation (65) satisfies
A(ω)F (ω, 0) ∝ Γ|ω| (68)
in the low energy regime. It is easy to see that the integration in the equation (65) is
divergent, which in turn means gc/gc0 → 0. Therefore, superconductivity is produced
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by arbitrarily weak pairing interaction once random chemical potential is considered.
Dependence of ∆ on g with different values of γ is presented in figures 15(a) and (b) by
the solid lines, which clearly exhibits the promotion of superconductivity due to weak
random chemical potential if g is small.
In the SC phase with ∆ 6= 0, the dependence of ∆ on γ is depicted in figures 16(a)
and (b) by the solid lines. For small values of g, the gap ∆ increases as γ is growing,
and then starts to decrease with growing γ when γ becomes sufficiently large. For
larger values of g, ∆ decreases monotonously as γ increases. We thus can see that the
influence of random chemical potential on s-wave superconductivity in 2D semi-DSM is
qualitatively the same as 2D DSM.
4.3. Analysis beyond AG approximation
In this subsection, we move to examine the impact of the vertex correction. After
including the vertex correction, the equation for A is of the form
A = 1 + γ
Γ
(
3
4
)
pi1/2Γ
(
5
4
)A ∫ 1
0
dkx
∫ 1
0
dky
Ξ (ω, |kx|, |ky|)
A2ω2 + k4x + k
2
y + A
2∆2
, (69)
where the vertex function Ξ is given by
Ξ (ω, |px − qx| , |py − qy|) = 1 + γ
pi1/2Γ
(
3
4
)
8Γ
(
5
4
) ∫ 1
0
dx
×
[∫ 1
0
dkx
(kx + |px − qx|)2 k2x + x (kx + |px − qx|)4 + (1− x)k4x + 2A2∆2[
A2ω2 + x (kx + |px − qx|)4 + (1− x)k4x + A2∆2 + x(1− x) |py − qy|2
]3/2
+
∫ 1
0
dkx
(kx − |px − qx|)2 k2x + x (kx − |px − qx|)4 + (1− x)k4x + 2A2∆2[
A2ω2 + x (kx − |px − qx|)4 + (1− x)k4x + A2∆2 + x(1− x) |py − qy|2
]3/2
]
.(70)
We have used the transformations
kx
Λx
→ kx, ky
Λy
→ ky, ω
ΛE
→ ω, ∆
ΛE
→ ∆, v
2 (py − qy)2
Λ2E
→ (py − qy)2 , (71)
and also made the assumption that aΛ2x = vΛy = ΛE . The equation for the gap ∆ is
still given by equation (65).
After including the vertex correction, we solve the self-consistent equations, and
show the dependence of ∆ on g at different values of γ in figures 15(a) and (b) by the
dashed lines. The relation between ∆ and γ at different values of g is displayed in
figures 16(a) and (b) by the dashed lines. We observe from figure (15) and figure (16)
that including the vertex correction does not change the qualitative property of the
influence of random chemical potential on superconductivity in 2D semi-DSM, but it
leads to obvious quantitative increase of the SC gap in presence of weak attraction and
weak disorder. All these results are similar to that obtained in the case of 2D DSM.
Fate of superconductivity in disordered Dirac and semi-Dirac semimetals 24
0 0.5 1 1.5 2
γ
0
0.05
0.1
0.15
0.2
0.25
∆
/Λ
E
(a) g/gc0=0.6g/g
c0=0.8
g/g
c0=1.0
g/g
c0=1.2
g/g
c0=1.4
g/g
c0=1.6
g/g
c0=0.6
g/g
c0=0.8
g/g
c0=1.0
g/g
c0=1.2
g/g
c0=1.4
g/g
c0=1.6
0.2 0.4 0.6 0.8 1
γ
10-6
10-4
10-2
100
∆
/Λ
E
(b)
g/g
c0=0.6
g/g
c0=0.8
g/g
c0=1.0
g/g
c0=1.2
g/g
c0=1.4
g/g
c0=1.6
g/g
c0=0.6
g/g
c0=0.8
g/g
c0=1.0
g/g
c0=1.2
g/g
c0=1.4
g/g
c0=1.6
Figure 16. Dependence of ∆ on γ at different values of g for 2D semi-DSM. Vertex
correction is neglected for solid lines, but incorporated for dashed lines.
5. Superconductivity in Bilayer graphene
In bilayer graphene with Bernal AB stacking, in which two layers of carbon atoms are
rotated by 60◦, the Fermi surface is also composed of discrete points [1,4]. There are also
other sorts of configuration of bilayer graphene, such as AA stacking that match the A
sublattices of two layers. Here, we focus on bilayer graphene with Bernal configuration,
which is the most frequently studied case. In such a system, the fermions display the
following dispersion [1, 4]
E = ±a|k|2, (72)
where a is a constant. For Bernal bilayer graphene, the Berry phase around the touching
points is trivial, in distinct to monolayer graphene that exhibits a non-trivial Berry
phase. This difference can be clearly observed in quantum Hall effect experiments [138].
Due to its special dispersion and dimensionality, the bilayer graphene has a finite zero-
energy DOS [4]: ρ(0) ∝ 1/a. As a result, an infinitesimal short-range interaction is able
to drive some type of phase-transition instability [4, 139, 140].
5.1. Clean Case
In the clean limit, the gap equation for s-wave superconductivity in bilayer graphene is
given by
∆ = 2g
∫
dω
2pi
∫
d2k
(2pi)2
∆
ω2 + a2k4 +∆2
, (73)
where g is the strength parameter of pairing interaction. Performing the integrations of
energy and momenta, we obtain
1 =
g
4pia
ln
(√
a2Λ4 +∆2 + aΛ2
∆
)
, (74)
where Λ is the cutoff of the momentum. In the limit ∆ → 0, g approaches a critical
value gc0 that satisfies
1 = lim
∆→0
gc0
4pia
ln
(
2aΛ2
∆
)
. (75)
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It is obvious that gc0 → 0, so arbitrarily weak attraction leads to superconductivity
in bilayer graphene. This behavior is markedly different from the aforementioned SMs
with vanishing DOS at the Fermi level.
5.2. Analysis by AG method without vertex correction
In the absence of vertex correction, the self-consistent equations for the renormalization
factor A(ω) and the SC gap ∆ can be written as
A = 1 + γ
aΛ2√
ω2 +∆2
arctan
(
aΛ2√
J4
)
, (76)
1 =
g
g0
∫
dω
1√
ω2 +∆2
arctan
(
aΛ2√
J4
)
, (77)
where
γ =
nimpu
2
4pia2Λ2
, g0 = 4pi
2a, (78)
and J4 = A
2ω2 + A2∆2. Here, g0 is chosen as the unit of attraction strength g.
Solving equations (76) and (77), we obtain the dependence of ∆ on g at different
values of γ, which is shown in figures 17(a) and (b) by the solid lines. The SC gap
∆ is quantitatively suppressed by random chemical potential. The relation between ∆
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and γ at different values of g is displayed in figure 18 by the solid lines. The gap ∆ is
suppressed monotonously by increasing γ, but the suppression effect is not significant.
Thus, the s-wave superconductivity seems to be robust against weak disorder in bilayer
graphene. For bilayer graphene, there is not any evidence of disorder-induced promotion
of superconductivity, which occurs in 2D DSM, 3D DSM, and 2D semi-DSM. Such
difference originates from the fact that the zero-energy DOS ρ(0) is nonzero in bilayer
graphene, but vanishes in the other three types of SM.
5.3. Analysis beyond AG approximation
After including the vertex correction, we re-write the self-consistent equations for the
function A and the vertex Ξ as follows
A = 1 + 2γA
∫ 1
0
dkk
Ξ (ω, |k|)
A2ω2 + k4 + A2∆2
, (79)
Ξ (ω, |p− q|) = 1 + γ 1
pi
∫ 1
0
dkk
∫ 2pi
0
dϕ
× [−A2ω2 + (k2 + 2k |p− q| cosϕ+ |p− q|2) k2 + A2∆2]
× [A2ω2 + (k4 + 4k3 |p− q| cosϕ+ 4k2 |p− q|2 cos2 ϕ + 2k2 |p− q|2
+4k |p− q|3 cosϕ+ |p− q|4)+ A2∆2]−1 [A2ω2 + k4 + A2∆2]−1 .(80)
The gap still satisfies the equation (77). Including the vertex correction, the relation
between ∆ and g for different values of γ are shown in figures 17(a) and (b) by the
dashed lines. The dependence of ∆ on γ for different values of g is depicted in figure 18
by the dashed lines. We can find that vertex correction does not lead to qualitative
change of the results. Quantitatively, the suppression of gap by disorder becomes only
slightly stronger once the vertex correction is considered, which indicates that the vertex
correction can be nearly neglected.
6. Remarks on related issues
In this section, we discuss several related issues.
6.1. Truncation of DSEs
As analyzed in the Introduction, disorder scattering and Cooper pairing can affect
each other substantially, and thus should be treated self-consistently. The non-
perturbative DSEs approach provides an ideal formalism for such a self-consistent
treatment. In the past several decades, this approach has been widely applied to
investigate the non-perturbative phenomenon of dynamical symmetry breaking in high-
energy physics [141,142], the dynamical chiral symmetry breaking in three-dimensional
quantum electrodynamic (QED3) [143–146] which is effective model in several important
condensed matter systems, the excitonic insulating transition in various SM materials
[41,67,147–156]. Moreover, the DSEs approach has been applied to study the interplay
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of non-Fermi liquid behavior and SC pairing in various strongly correlated systems
[157–170]. The most noticeable advantage of DSEs approach is that it provides a non-
perturbative framework to quantitatively calculate various physical quantities, such as
the Landau damping rate, disorder scattering rate, and SC gap etc., by incorporating
several types of interactions in a self-consistent manner.
In the Ref. [171], Zhang et al. studied the impact of nonmagnetic short-range
disorder on some ordered states by solving a special set of self-consistent equations,
which is similar to the AG method. Their main finding is that, the fully gapped state
is suppressed by disorder more significantly than the nematic state, and disorder may
induce a quantum phase transition between a fully gapped ordered state and a nematic
state. Such results might account for the discrepancy between experiments of bilayer
graphene. The DSEs method was also applied to investigate the interplay of disorder
scattering and Coulomb interaction in 3D DSM [156].
In the application of DSEs method to the superconductivity in disordered systems,
one needs to construct and solve a set of non-linear integral equations for the gap
∆ and disorder scattering rate Γ. In its most generic form, the DSEs are exact
and contain all the physical processes. However, solving the complete set of DSEs
is impossible. In practice, it is always necessary to employ certain truncation, which is
implemented by retaining the most important contribution and discarding some higher
order contributions. All the existing DSEs studies [41, 67, 141–170] adopt the following
strategy: consider the lowest order truncation to capture the key physical picture;
include the higher order corrections step by step to examine the validity of the conclusion
obtained by the lowest order calculation. The AG method [112] can be regarded as the
lowest order truncation of DSEs of disorder scattering and Cooper pairing. Under the
original AG approximation, the fermion self-energy is calculated at the leading order,
with all vertex corrections entirely ignored. We emphasize here that, although the AG
method neglects most higher order corrections, it is non-perturbative in nature and
can treat the mutual influence between disorder scattering and Cooper pairing equally.
When the AG method is applied to disordered SM materials, the vertex correction may
no longer be simply ignored. In this paper, we find that, including vertex correction
does not alter the qualitative conclusion obtained by the original AG method, but leads
to considerable enhancement of SC gap size in 2D DSM, 3D DSM, and 2D semi-DSM
in weak-attraction regime.
To examine the validity of our conclusion, one might endeavor to include even higher
order corrections into the self-consistent equations studied in this paper. This work is
interesting, but out of the scope of the present paper. The main difficulty is that, the
self-consistent DSEs become very complicated and are hard to solve numerically. Here
we only make a brief remark on the possible influence of such corrections. From the
results presented in the last several sections, we can infer that the vertex correction
becomes progressively less important as the SC gap grows. For large SC gap, the vertex
correction can be safely ignored. Actually, the SC gap provides an infrared cutoff, which
regularizes the infrared behavior and as such suppresses higher order corrections. When
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the SC gap is not large, the higher order corrections omitted in our analysis might more
or less modify our results quantitatively. We leave this project for future research.
Apart from including higher order corrections by brute force, our conclusion, which
states that random chemical potential promotes superconductivity in 2D DSM, 3D DSM,
and 2D semi-DSM, could also be verified by experiments. The SC gap can be detected
in scanning tunneling microscopy (STM) measurements. One might prepare a series of
different SM materials to test whether it is easier to achieve superconductivity in more
disordered materials. We expect that future experiments would be performed to clarify
the reliability of our conclusion.
6.2. Contribution of two special diagrams
One might think that the two Feynaman diagrams, shown in figure 19, should be taken
into account in the calculation of the corrections to fermion-disorder coupling. We now
explain why these two diagrams are neglected.
In our work, we consider only one type of disorder, namely random chemical
potential. For 2D DSM and 3D DSM that contain only one type of disorder, the
contributions from these two Feynman diagrams cancel, which is discussed in Ref. [120].
For 2D semi-DSM and bilayer graphene, these two diagrams can dynamically generate
other types of disorder, such as random gauge potential and random mass [45]. To
simplify the problem, we truncate the DSEs by neglecting the dynamically generated
disorder. An important point is that random chemical potential always dominates
the dynamically generated random gauge potential and random mass. Including the
dynamically generated disorders would further enhance random chemical potential and
then induce a larger DOS ρ(0) in the normal state. For 2D semi-DSM, according to
our results, a larger disorder-induced DOS ρ(0) would lead to stronger enhancement
superconductivity in presence of weak pairing interaction. In the case of bilayer graphene
that has a finite ρ(0) even in the clean limit, increasing the strength of random chemical
potential also does not change our basic conclusion that superconductivity is slightly
suppressed.
Figure 19. Two possible diagrams for the correction to fermion-disorder coupling.
6.3. Rare region effect
In this article, we calculate the magnitude of SC gap, which can be measured by
STM experiments [172, 173]. We do not consider the rare region effect here. In
Ref. [87], Nandkishore et al. studied the enhancement of superconductivity by the
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Figure 20. (a) Dependence of Tc and (b) ∆/Tc on γ at different values of g for 2D
DSM.
rare region effect of disorder in 2D DSM [87]. They showed that local superconductivity
is substantially enhanced in the regions with stronger disorder and larger local DOS. In
case the Josephoson coupling between locally SC regions is strong enough to establish
global phase coherence, the system becomes SC globally. After examining the rare region
effect, they obtained an obviously larger value of Tc, comparing to the one calculated
by using the mean-field analysis (AG method).
Nandkishore et al. later studied the rare region effect in 3D DSM [136], and
concluded that arbitrarily weak random chemical potential can induce a finite ρ(0) due to
rare region effect. They also considered the interplay of random chemical potential and
superconductivity in 3D DSM. Superconductivity is triggered only when the strength
of attraction exceeds a threshold in the clean system. However, local pairing can be
triggered in rare regions where the local DOS is nonzero, which drives the system into a
SC state once phase coherence between the islands is established by Josephson coupling.
These results suggest that superconductivity is promoted by random chemical potential
in 3D DSM, which is qualitatively consistent with our conclusion presented in section 3.
6.4. The ratio ∆/Tc
How RSP affects the ratio ∆/Tc is an interesting question. In this subsection, we show
the results obtained by AG method for 2D DSM. The results for other SMs could be
calculated similarly. For 2D DSM, the self-consistent equations for Tc are given by
A = 1 +
γ
2
A ln
(
1 +
1
A2(2n+ 1)2pi2T 2c
)
, (81)
1 =
g
gc0
Tc
∑
n
A ln
(
1 +
1
A2(2n+ 1)2pi2T 2c
)
. (82)
The relation between Tc and γ is displayed in figure 20(a). Comparing figure 20(a) with
figure 11, we can find that relation between Tc and γ has similar characteristic with
relation between ∆ on γ. Dependence of ∆/Tc on γ is shown in figure 20(b). According
to figure 20(b), ∆/Tc increases with growing of γ.
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6.5. Anderson localization
DSMs have obvious different behaviors under the influence of RSP comparing with
traditional metals. For 2D contentional metals, arbitrarily weak RSP drives the system
to Anderson insulator (AI) [174]. However, for 2D DSM with a single Dirac cone, the
system is robust against Anderson localization under RSP [105, 175–177].
For 3D conventional metals, there are only two phases under the influence of RSP,
namely CDM and AI [174]. However, for 3D DSM, there are three phases under the
influence of RSP, namely SM, CDM, and AI [178,179]. We should notice that the critical
value γc = 1 is corresponding to the QCP from SM to CDM [119, 120, 178, 179]. The
transition from CDM to AI occurs at another critical value γAIc which is much larger
than γc [178, 179]. In a wide range value of γ around γc, the system is still in SM or
CDM phase, but not AI phase. Thus, in this case, the wave functions are not localized,
but still extended. Then, our calculation is valid for a wide range of disorder strength
around γc = 1. If the disorder strength is very large, i.e. γ > γ
AI
c , Anderson localization
appears, and our calculation becomes invalid.
7. Summary and conclusion
In summary, we have studied the influence of random chemical potential on the fate of
s-wave superconductivity in 2D DSM by using the AG diagrammatic approach along
with its proper generalization. It is found that an arbitrarily weak attraction suffices to
trigger Cooper pairing instability. In the case of weak attraction, the magnitude of SC
gap first increases with growing disorder strength and then decreases once the disorder
strength exceeds a critical value. For relatively strong attraction, the gap decreases
monotonously as disorder gets stronger. To obtain a quantitatively more reliable
result, we have gone beyond the original AG approximation, and taken into account
the vertex correction to the fermion-disorder coupling. Our finding is that, including
vertex correction does not change the qualitative behavior of superconductivity in 2D
DSM with random chemical potential. However, for weak pairing interaction and weak
disorder, the disorder-induced enhancement of SC gap size becomes more significant in
the presence of vertex correction. Therefore, the conclusion that superconductivity in
2D DSM is promoted by random chemical potential [87] is robust.
We then have applied the AG method and its generalization to investigate the
fate of s-wave superconductivity in other analogous materials, including 3D DSM, 2D
semi-DSM, and bilayer graphene. For 3D DSM, we have found that the critical pairing
interaction strength gc is reduced to a smaller value by weak random chemical potential,
and thus there is still a QCP separating the SM and SC phases. This QCP provides
an ideal platform to study the rich quantum critical phenomena. Nevertheless, when
random chemical potential becomes sufficiently strong, the critical value gc vanishes,
and superconductivity is achieved no matter how weak the pairing interaction. In both
cases, we see that superconductivity is promoted by random chemical potential.
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For 2D semi-DSM, the disorder effect on the s-wave superconductivity is nearly the
same as that of 2D DSM. In particular, superconductivity can be induced by arbitrarily
weak attraction if the system contains random chemical potential. When the vertex
correction is considered, the promotion of superconductivity by disorder in the weak
attraction regime also becomes more obvious. However, the vertex correction does not
modify the qualitative results obtained by using the original AG approximation.
Comparing to the above three types of SMs, the bilayer graphene is spectacular since
its zero-energy DOS takes a finite value at the Fermi level. As the disorder strength
increases, the magnitude of the SC gap decreases, yet at a very low speed. Apparently,
such behavior is in sharp contrast to that of 2D DSM, 3D DSM, and 2D semi-DSM,
where the zero-energy DOS vanishes in the clean limit and acquires a finite value only
when the system contains random chemical potential.
Recently, Ozfidan et al. studied the influence of magnetic impurity on
superconductivity in 2D DSM by using the AG method [180], and found a gapless
helical SC state. It would be interesting in the future to investigate whether the vertex
correction makes an important contribution to the physical effects of magnetic disorder
on superconductivity.
Acknowledgments
We would acknowledge the financial support by the National Key R&D Program of
China under Grants 2016YFA0300404 and 2017YFA0403600, and the financial support
by the National Natural Science Foundation of China under Grant Nos. 11574285,
11504379, 11674327, U1532267, and U1832209. J.R.W. is also supported by the Natural
Science Foundation of Anhui Province under Grant No. 1608085MA19.
References
[1] Casto Neto A H, Guinea F, Peres N M R, Novoselov K S and Geim A K 2009 Rev. Mod. Phys. 81
109
[2] Peres N M R 2010 Rev. Mod. Phys. 82 2673
[3] Das Sarma S, Adam S, Hwang E H and Rossi E 2012 Rev. Mod. Phys. 83, 407
[4] Kotov V N, Uchoa B, Pereira V M, Guinea F and Castro Neto A H 2012 Rev. Mod. Phys. 84 1067
[5] Hasan M Z and Kane C L 2010 Rev. Mod. Phys. 82 3045
[6] Qi X-L and Zhang S-C 2011 Rev. Mod. Phys. 83 1057
[7] Hasan M Z and Moore J E 2011 Annu. Rev. Condens. Matter Phys. 2 55
[8] Vafek O and Vishwanath A 2014 Annu. Rev. Condens. Matter Phys. 5 83
[9] Wehling T O, Black-Schaffer A M and Balatsky A V 2014 Adv. Phys. 63 1
[10] Armitage N P, Mele E J and Vishwanath A 2010 Rev. Mod. Phys. 90 015001
[11] Burkov A A 2016 Nat. Mater. 15 1145
[12] Yan B and Felser C 2017 Annu. Rev. Condens. Matter Phys. 8 337
[13] Hasan M Z, Xu S-Y, Belopolski I and Huang S-M 2017 Annu. Rev. Condens. Matter Phys. 8 289
[14] Burkov A A 2018 Annu. Rev. Condens. Matter Phys. 9 359
[15] Weng H, Dai X and Fang Z 2016 J. Phys.: Condens. Matter 28 303001
[16] Fang C, Weng H, Dai X and Fang Z 2016 Chin. Phys. B 25 117106
Fate of superconductivity in disordered Dirac and semi-Dirac semimetals 32
[17] Sur S and Nandkishore R 2016 New J. Phys. 18 115006
[18] Roy B 2017 Phys. Rev. B 96 041113(R)
[19] Hasegawa Y, Konno R, Nakano H and Kohmoto M 2006 Phys. Rev. B 74 033413
[20] Dietl P, Pie´chon F and Montambaux G 2008 Phys. Rev. Lett. 100 236405
[21] Goerbig M O, Fuchs J-N, Montambaux G and Pie´chon F 2008 Phys. Rev. B 78 045415
[22] Montambaux G, Pie´chon F, Fuchs J-N and Goerbig M O 2009 Phys. Rev. B 80 153412
[23] Kobayashi A, Suzumura Y, Pie´chon F and Montambaux G 2011 Phys. Rev. B 84 075450
[24] Dolui K and Quek S Y 2015 Sci. Rep. 5 11699
[25] Yuan S, van Veen E, Katsnelson M I and Rolda´n R 2016 Phys. Rev. B 93 245433
[26] Baik S S, Kim K S, Yi Y and Choi H J 2015 Nano. Lett. 15 7788
[27] Wunsch B, Guinea F and Sols F 2008 New. J. Phys. 10 103027
[28] Lim L-K, Fuchs J-N and Montambaux G 2012 Phys. Rev. Lett. 108 175303
[29] Tarruell L, Greif D, Uehlinger T, Jotzu G and Esslinger T 2012 Nature 483 302
[30] Bellec M, Kuhl U, Montambaux G and Mortessagne F 2013 Phys. Rev. Lett. 110 033902
[31] Kim J, Baik S S, Ryu S H, Sohn Y, Park S, Park B-G, Denlinger J, Yi Y, Choi H J and Kim K S
2015 Science 349 723
[32] Pardo V and Pickett W E 2009 Phys. Rev. Lett. 102 166803
[33] Banerjee S, Singh R R P, Pardo V and Pickett W E 2009 Phys. Rev. Lett. 103 016402
[34] Banerjee S and Pickett W E 2012 Phys. Rev. B 86 075124
[35] Kamal C and Ezawa M 2015 Phys. Rev. B 91 085423
[36] Wang C, Xia Q, Nie Y, Rahman M and Guo G 2016 AIP Adv. 6 035204
[37] Do´ra B, Herbut I F and Moessner R 2013 Phys. Rev. B 88 075126
[38] Pyatkovskiy P K and Chakraborty T 2016 Phys. Rev. B 93 085145
[39] Isobe H, Yang B-J, Chubukov A, Schmalian J and Nagaosa N 2016 Phys. Rev. Lett. 116 076803
[40] Cho G Y and Moon E-G 2016 Sci. Rep. 6 19198
[41] Wang J-R, Liu G-Z and Zhang C-J 2017 Phys. Rev. B 95 075129
[42] Ahn J and Yang B-J 2017 Phys. Rev. Lett. 118 156401
[43] Uchoa B and Seo K 2017 Phys. Rev. B 96 220503(R)
[44] Roy B and Foster M S 2018 Phys. Rev. X 8, 011049
[45] Carpentier D, Fedorenko A A and Orignac E 2013 Euro. Phys. Lett. 102 67010
[46] Zhao P-L, Wang J-R, Wang A-M and Liu G-Z 2016 Phys. Rev. B 94 195114
[47] Xu G, Weng H, Wang Z, Dai X and Fang Z 2011 Phys. Rev. Lett. 107 186806
[48] Fang C, Gilbert M J, Dai X and Bernevig B A 2012 Phys. Rev. Lett. 108 266802
[49] Yang B-J and Nagaosa N 2014 Nat. Commun. 5 4898
[50] Huang S-M et al. 2016 Proc. Natl. Acad. Sci. U.S.A. 113 1180
[51] Lai H-H 2015 Phys. Rev. B 91 235131
[52] Jian S-K and Yao H 2015 Phys. Rev. B 92 045121
[53] Wang J-R, Liu G-Z and Zhang C-J 2016 arXiv: 1612.01729
[54] Bera S, Sau J D and Roy B 2016 Phys. Rev. B 93 201302(R)
[55] Sbierski B, Trescher M, Bergholtz E J and Brouwer P W 2017 Phys. Rev. B 95 115104
[56] Roy B, Goswami P and Juricˇic´ V 2017 Phys. Rev. B 95 201102(R)
[57] Ahn S, Hwang E H and Min H 2016 Sci. Rep. 6 34023
[58] Ahn S, Mele E J and Min H 2017 Phys. Rev. B 95 161112(R)
[59] Park S, Woo S, Mele E J and Min H 2017 Phys. Rev. B 95 161113(R)
[60] Liu Q and Zunger A 2017 Phys. Rev. X 7 021019
[61] Zhang S-X, Jian S-K and Yao H 2017 Phys. Rev. B 96 241111(R)
[62] Wang J-R, Liu G-Z and Zhang C-J 2017 Phys. Rev. B 96 165142
[63] Yang B-J, Bahramy M S, Arita R, Isobe H, Moon E-G and Nagaosa N 2013 Phys. Rev. Lett. 110
086402
[64] Yang B-J, Moon E-G, Isobe H and Nagaosa N 2014 Nat. Phys. 10 774
[65] Moon E-G and Kim Y B 2014 arXiv:1409.0573
Fate of superconductivity in disordered Dirac and semi-Dirac semimetals 33
[66] Herbut I F and Janssen L 2014 Phys. Rev. Lett. 113 106401
[67] Janssen L and Herbut I F 2015 Phys. Rev. B 92 045117
[68] Janssen L and Herbut I F 2016 Phys. Rev. B 93 165109
Janssen L and Herbut I F 2017 Phys. Rev. B 95 075101
[69] Boettcher I and Herbut I F 2016 Phys. Rev. B 93 205138
[70] Boettcher I and Herbut I F 2018 Phys. Rev. Lett. 120 057002 (2018)
[71] Castro Neto A H 2001 Phys. Rev. Lett. 86 4382
[72] Uchoa B, Cabrera G G and Castro Neto A H 2005 Phys. Rev. B 71 184509
[73] Zhao E and Paramekanti A 2006 Phys. Rev. Lett. 97 230404
[74] Marino E C and Nunes L H C M 2006 Nucl. Phys. B 741 404
Marino E C and Nunes L H C M 2007 Nucl. Phys. B 769 275
[75] Uchoa B and Castro Neto A H 2007 Phys. Rev. Lett. 98 146801
[76] Black-Schaffer A M and Doniach S 2007 Phys. Rev. B 75 134512
[77] Kopnin N B and Sonin E B 2008 Phys. Rev. Lett. 100 246808
[78] Honerkamp C 2008 Phys. Rev. Lett. 100 146404
[79] Gonza´lez J 2008 Phys. Rev. B 78 205431
[80] Loktev V M and Turkowski V 2009 Phys. Rev. B 79 233402
[81] Roy B and Herbut I F 2010 Phys. Rev. B 82 035429
[82] Roy B, Juricˇic´ V and Herbut I F 2013 Phys. Rev. B 87 041401(R)
[83] Santos L, Neupert T, Chamon C and Mudry C 2010 Phys. Rev. B 81 184502
[84] Ito Y, Yamaji Y and Imada M 2011 J. Phys. Sco. Jpn. 80 063704
[85] Ito Y, Yamaji Y and Imada M 2012 J. Phys. Soc. Jpn. 81 084707
[86] Nandkishore R, Levitov L S and Chubukov A V 2012 Nat. Phys. 8 158
[87] Nandkishore R, Maciejko J, Huse D A and Sondhi S L 2013 Phys. Rev. B 87 174511
[88] Potirniche I D, Maciejko J, Nandkishore R and Sondhi S L 2014 Phys. Rev. B 90 094516
[89] Dietel J, Bezerra V H F and Kleinert H 2014 Phys. Rev. B 89 195435
[90] Li D, Rosenstein B, Shapiro B Y and Shapiro I 2014 Phys. Rev. B 90 054517
[91] She J-H and Balatsky A V 2014 Phys. Rev. B 90 104517
[92] Wang J, Zhao P-L, Wang J-R and Liu G-Z 2017 Phys. Rev. B 95 054507
[93] Giuliani G F and Vignale G 2005 Quantum Theory of the Electron Liquid (Cambridge: Cambridge
University Press)
[94] Coleman P 2015 Introduction to Many-Body Physics (Cambridge: Cambridge University Press)
[95] Shankar R 1994 Rev. Mod. Phys. 66 129
[96] Roy B and Das Sarma S 2016 Phys. Rev. B 94 115137
[97] Meng T and Balents L 2012 Phys. Rev. B 86 054504
[98] Maciejko J and Nandkishore R 2014 Phys. Rev. B 90 035126
[99] Ponte P and Lee S-S 2014 New J. Phys. 16 013044
[100] Grover T, Sheng D N and Vishwanath A 2014 Science 344 280
[101] Witczak-Krempa W and Maciejko J 2016 Phys. Rev. Lett. 116 100402
[102] Zerf N, Lin C-H and Maciejko J 2016 Phys. Rev. B 94 205106
[103] Jian S-K, Jiang Y-F and Yao H 2015 Phys. Rev. Lett. 114 237001
[104] Jian S-K, Lin C-H, Maciejko J and Yao H 2017 Phys. Rev. Lett. 118 166802
[105] Evers E and Mirlin A D 2008 Rev. Mod. Phys. 80 1355
[106] Syzranov S V and Radzihovsky L 2018 Annu. Rev. Condens. Matter Phys. 9, 35
[107] Anderson P W 1959 J. Phys. Chem. Solids 11 26
[108] Lee P A and Ramakrishnan T V 1985 Rev. Mod. Phys. 57 287
[109] Belitz D and Kirkpatrick T R 1994 Rev. Mod. Phys. 66 261
[110] Balatsky A V, Vekhter I and Zhu J-X 2006 Rev. Mod. Phys. 78 373
[111] Gor’kov L P 2008 in Superconductivity: Conventional and Unconventional Superconductors edited
by Bennemann K H and Ketterson J B (Berlin: Spriner-Verlag) chapter 5
[112] Abrikosov A A and Gor’kov L P 1959 Sov. Phys. JETP 8 1090
Fate of superconductivity in disordered Dirac and semi-Dirac semimetals 34
Abrikosov A A and Gor’kov L P 1959 Sov. Phys. JETP 9 220
[113] Ludwig A W W, Fisher M P A, Shankar R and Grinstein G 1994 Phys. Rev. B 50 7526
[114] Ostrovsky P M, Gornyi I V and Mirlin A D 2006 Phys. Rev. B 74 235443
[115] Foster M S 2012 Phys. Rev. B 85 085122
[116] Fradkin E 1986 Phys. Rev. B 33 3263
[117] Durst A C and Lee P A 2000 Phys. Rev. B 62 1270
[118] Katanin A 2013 Phys. Rev. B 88 241401 (R)
[119] Goswami P and Chakravarty S 2011 Phys. Rev. Lett. 107 196803
[120] Roy B and Das Sarma S 2014 Phys. Rev. B 90 241112(R)
[121] Fu B, Zhu W, Shi Q, Li Q, Yang J and Zhang Z 2017 Phys. Rev. Lett. 118 146401
[122] Sbierski B, Madsen K A, Brouwer P W and Karrasch C 2017 Phys. Rev. B 96 064203
[123] Ominato Y and Koshino M 2015 Phys. Rev. B 91 035202
[124] Sinner A and Ziegler K 2017 Phys. Rev. B 96 165140
[125] Xu S-Y et al. 2011 Science 332 560
[126] Sato T, Segawa K, Kosaha K, Souma S, Nakayama K, Eto K, Minami T, Ando Y and Takahashi
T 2011 Nat. Phys. 7 840
[127] Wu L, Brahlek M, Aguilar R V, Stier A V, Morris C M, Lubashevsky Y, Bilbro L S, Bansal N,
Oh S and Armitage N P 2013 Nat. Phys. 9 410
[128] Brahlek M, Bansal N, Koirala N, Xu S-Y, Neupane M, Liu C, Hasan M Z and Oh S 2012 Phys.
Rev. Lett. 109 186403
[129] Wang Z, Sun Y, Chen X-Q, Franchini C, Xu G, Weng H, Dai X and Fang Z 2012 Phys. Rev. B
85 195320
[130] Wang Z, Weng H, Wu Q, Dai X and Fang Z 2013 Phys. Rev. B 88 125427
[131] Liu Z K et al. 2014 Science 343 864
[132] Neupane M et al. 2014 Nat. Commun. 5 3786
[133] Liu Z K et al. 2014 Nat. Mat. 13 677
[134] Borisenko S, Gibson Q, Evtushinsky D, Zabolotnyy V, Bu¨chner B and Cava R J 2014 Phys. Rev.
Lett. 113 027603
[135] He L P, Hong X C, Dong J K, Pan J, Zhang Z, Zhang J and Li S Y 2014 Phys. Rev. Lett. 113
246402
[136] Nandkishore R, Huse D A and Sondhi S L 2014 Phys. Rev. B 89 245110
[137] Pixley J H, Huse D A and Das Sarma S 2016 Phys. Rev. X 6 021042
Pixley J H, Huse D A and Das Sarma S 2016 Phys. Rev. B 94 121107(R)
Pixley J H, Chou Y-Z, Goswami P, Huse D A, Nandkishore R, Radzihovsky L and Das Sarma
S 2017 Phys. Rev. B 95 235101
[138] Novoselov K S, McCann E, Morozov S V, Fal’ko V I, Katsnelson M I, Zeitler U, Jiang D, Schedin
F and Geim A K 2006 Nat. Phys. 2 177
[139] Vafek O and Yang K 2010 Phys. Rev. B 81 041401(R)
[140] Zhang F, Min H, Polini M and MacDonald A H 2010 Phys. Rev. B 81 041402(R)
[141] Roberts C D and Williams A G 1994 Prog. Part. Nucl. Phys. 33 477
[142] Roberts C D and Schmidt S M 2000 Prog. Part. Nucl. Phys. 45 S1
[143] Appelquist T, Nash D and Wijewardhana L C R 1988 Phys. Rev. Lett. 60 2575
[144] Nash D 1989 Phys. Rev. Lett. 62 3024
[145] Liu G-Z and Cheng G 2003 Phys. Rev. D 67 065010
[146] Fischer C S, Alkofer R, Dahm T and Maris P 2004 Phys. Rev. D 70 073007
[147] Khveshchenko D V 2001 Phys. Rev. Lett. 87 246802
[148] Gorbar E V, Gusynin V P, Miransky V A and Shovkovy I A 2002 Phys. Rev. B 66 045108
[149] Liu G-Z, Li W and Cheng G 2009 Phys. Rev. B 79 205429
[150] Gamayun O V, Gorbar E V and Gusynin V P 2010 Phys. Rev. B 81 075429
[151] Wang J-R and Liu G-Z 2012 New J. Phys. 14 043036
[152] Popovici C, Fischer C S and von Smekal L 2013 Phys. Rev. B 88 205429
Fate of superconductivity in disordered Dirac and semi-Dirac semimetals 35
[153] Gonza´lez J 2015 Phys. Rev. B 92 125115
[154] Carrington M E, Fischer C S, von Smekal L and Thoma M H 2016 Phys. Rev. B 94 125102
[155] Gonza´lez J 2014 Phys. Rev. B 90 121107(R)
[156] Gonza´lez J 2017 Phys. Rev. B 96 081104(R)
[157] Abanov A, Chubukov A V and Finkel’stein A M 2001 Euro. Phys. Lett. 54 488
[158] Wang Z, Mao W and Bedell K 2001 Phys. Rev. Lett. 87 257001
[159] Abanov A, Chubukov A V and Schmalian J 2003 Adv. Phys. 52 119
[160] Chubukov A V and Schmalian J 2005 Phys. Rev. B 72 174520
[161] Yamase H and Zeyher R 2013 Phys. Rev. B 88 180502(R)
[162] Lederer S, Schattner Y, Berg E and Kivelson S A 2015 Phys. Rev. Lett. 114 097001
[163] Einenkel M, Meier H, Pe´pin C and Efetov K B 2015 Phys. Rev. B 91 064507
[164] Wang Y, Abanov A, Altshuler B L, Yuzbashyan E A and Chubukov A V 2016 Phys. Rev. Lett.
117 157001
[165] Wang H, Raghu S and Torroba G 2017 Phys. Rev. B 95 165137
[166] Wang X, Schattner Y, Berg E and Fernandes R M 2017 Phys. Rev. B 95 174520
[167] Liu G-Z and Wang J-R 2017 arXiv:1706.02583
[168] Chung S B, Mandal I, Raghu S and Chakravarty S 2013 Phys. Rev. B 88 045127
[169] Wang Z and Chakravarty S 2016 Phys. Rev. B 94 165138
[170] Isobe H and Fu L 2017 Phys. Rev. Lett. 118 166401
[171] Zhang J, Nandkishore R and Rossi E 2015 Phys. Rev. B 91 205425
[172] Lang K M, Madhavan V, Hoffman J E, Hudson E V, Eisaki H, Uchida S and Davis J C 2002
Nature 415 412
[173] Fischer ∅, Kugler M, Maggio-Aprile I, Berthod C and Renner C 2007 Rev. Mod. Phys. 79 353
[174] Abrahams E, Anderson P W, Licciardello D C and Ramakrishnan T V 1979 Phys. Rev. Lett. 42
673
[175] Ostrovsky P M, Gornyi I V and Mirlin A D 2007 Phys. Rev. Lett. 98 256801
[176] Ryu S, Mudry C, Obuse H and Furusaki A 2007 Phys. Rev. Lett. 99 116601
[177] Nomura K, Koshino M and Ryu S 2007 Phys. Rev. Lett. 99 146806
[178] Pixley J H, Goswami P and Das Sarma S 2015 Phys. Rev. Lett. 115 076601
[179] Liu S, Ohtsuki T and Shindou R 2016 Phys. Rev. Lett. 116 066401
[180] Ozfidan I, Han J and Maciejko J 2016 Phys. Rev. B 94 214510
